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Robust chaos in smooth unimodal maps
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Robust chaos is defined by the absence of periodic windows and coexisting attractors in some neighborhood
of the parameter space. It has been conjectured that robust chaos cannot occur in smooth systems@E. Barreto,
B. Hunt, and C. Grebogi, Phys. Rev. Lett.78, 4561~1997!; 80, 3049~1998!#. Contrary to this conjecture, we
describe a general procedure for generating robust chaos in smooth unimodal maps.
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The stability of a periodp orbit of the smooth one-
dimensional map

xt115w~xt ,a!, ~1!

is governed by

m5
d

dx
wp~x,a!5w8~xp ,a!w8~xp21 ,a! . . . w8~x1 ,a!,

~2!

where the derivatives are evaluated at each point of the o
The periodic orbit is asymptotically stable ifumu,1. A peri-
odic orbit that contains a critical pointc of w, where
w8(c,a)50, hasm50 and it is called a superstable period
orbit. For smooth one-dimensional maps a periodic wind
is constructed around aspine locus, that corresponds to pa
rameter values that give rise to superstable periodic or
@1#.

A chaotic attractor is said to be robust if, for its parame
values, there exists a neighborhood in the parameter s
with no periodic attractor and the chaotic attractor is uniq
in that neighborhood@2#. It has been shown that robust cha
can occur in piecewise smooth systems. Also, it has b
conjectured that robust chaos cannot occur in smooth
tems @1,2#. More generally, forN-dimensional maps it ha
been conjectured that a slight variation ofn parameters can
destroy the chaos ifn>k, wherek is the number of positive
Lyapunov exponents. It follows that robust chaos cannot
cur in smooth one-dimensional systems, whereN5n5k
51 @2#.

In a previous work we have presented a counter exam
to the above conjecture@3#. Here, we describe a general pr
cedure for generating robust chaos in smooth unimo
maps.

In general, a unimodal mapw(x) maps an intervalI into
itself, has a single critical pointc in I, „w8(c)50, cPI …, and
is monotone increasing on the left ofc „w8(x).0, x,c… and
monotone decreasing on the right ofc „w8(x),0, x.c…. The
key topological property of a unimodal map is that
stretches and folds the intervalI into itself.

For the sake of clarity, we will assume that
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~i! w(x) is a unimodal map of classC3 on the intervalx
P@0,1#; ~ii ! w(x) has an unique maximum at the critic
point cP@0,1#; ~iii ! w(0)5w(1)50; ~iv! w(x) has negative
Schwarzian derivative, i.e.,

Sw~x!5
w-~x!

w8~x!
2

3

2 S w9~x!

w8~x! D
2

,0, ~3!

wheneverw8(x)Þ0.

A map satisfying the above conditions is called
S-unimodal map on the intervalxP@0,1#. Any S-unimodal
mapw(y) on the intervalyP@a,b# can be represented on th
interval xP@0,1# by using the change of variabley5a1(b
2a)x.

The most studiedS-unimodal map that generatesfragile
chaosis the logistic map

gm~x!5mx~12x!. ~4!

Since the logistic map has an unique maximum atc
51/2 and negative Schwarzian derivative, there can be
most one attracting periodic orbit with the critical point in i
basin of attraction, for anymP@0,4#. Whenm54 the orbit
with initial value x05c maps in two iterates to the fixe
point x50, which is unstableug48(0)u54.1. It follows that
for m54 the logistic map does not have any stable perio
orbits and there is an unique chaotic attractor@4#. However,
if the parameterm54 is slightly modified, the chaotic attrac
tor is destroyed.

Now, let us try to find a general procedure for which
S-unimodal mapf n(x) on the intervalxP@0,1#, can generate
robust chaosin a large neighborhood of the parameter spa
n. First we give the following lemma.

Lemma. If w(x) is a S-unimodal map on the intervalx
P@0,1# with an unique maximum at the critical pointc
P@0,1#, then

f n
(6)~x!5

12n6w(x)

12n6w(c)
, ;n.0, nÞ1, ~5!

is also aS-unimodal map on the intervalxP@0,1# with an
unique maximum at the same critical pointc.

Proof.
~1! We have
©2001 The American Physical Society03-1
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f n
(6)8~x!5

7 ln~n!n6w(x)

12n6w(c)
w8~x!, ~6!

f n
(6)9~x!5

7 ln~n!n6w(x)

12n6w(c)
@w9~x!6 ln~n!~w8~x!!2#, ~7!

f n
(6)-~x!5

7 ln~n!n6w(x)

12n6w(c)
@w-~x!63 ln~n!w8~x!w9~x!

1 ln2~n!@w8~x!#3#. ~8!

From the above equations it follows that ifw(x) is a
unimodal map of classC3 on the intervalxP@0,1#, then also
f n

(6)(x) is a unimodal map of classC3 on the intervalx
P@0,1#, ;n.0,nÞ1 ( f n

(6)(x) and its derivatives are com
positions ofw(x) and its derivatives!.

~2! Let w(c) be the unique maximum of theS-unimodal
mapw(x) at the critical pointcP@0,1#. Thenw(x)<w(c),
;xP@0,1# and obviously, f n

(6)8(c)50, f n
(6)(x)< f n

(6)(c)
51, ;xP@0,1#, ;n.0,nÞ1.

~3! f n
(6)(0)5 f n

(6)(1)50, ;n.0,nÞ1.
~4! The Schwarzian derivative is negative,

Sf
n
(6)~x!5Sw~x!2

1

2
@ ln~n!w8~x!#2,0, ~9!

becauseSw(x),0, wheneverw8(x)Þ0, ;n.0, nÞ1 ~end
of proof!.

The S-unimodal mapf n
(6)(x) has two fixed points on the

interval xP@0,1#. The first fixed point isa50, f n
(6)(0)

50, ;n.0. The second fixed point is the solutionb
P(c,1) of the transcendent equationf n

(6)(b)5b, ;n.0.
Now, we can formulate the following more general theore

Theorem. If w(x) is a S-unimodal map on the intervalx
P@0,:1# with an unique maximum at the critical pointc
P@0,1#, then

f n
(6)~x!5

12n6w(x)

12n6w(c)
~10!

is aS-unimodal map on the intervalxP@0,1# and it generates
robust chaosfor any value ofn satisfying the condition

f n
(6)8~0!5U ln~n!w8~0!

12n6w(c) U.1, n.0, nÞ1. ~11!

Proof. The proof is the same as in the case of logistic m
with m54. Obviously, according to the previous Lemm
f n

(6)(x) is a S-unimodal map on the intervalxP@0,1#, ;n
.0, nÞ1. Since the map has an unique maximum atx5c
and negative Schwarzian derivative, there can be at most
attracting periodic orbit with the critical point in its basin o
attraction, for anyn.0, nÞ1. The orbit with initial value
x05c maps in two iterates to the fixed pointx50. This fixed
point x50 is unstable if condition~11! is satisfied. In this
02520
.

p
,

ne

case, the map does not have any stable periodic orbits
there is an unique chaotic attractor~end of proof!.

Let us to consider an example for the above theore
Here, we consider the following simple quadratic map:

w~x!5x~12x!. ~12!

Obviously, this map isS-unimodal because

~A! w(x) is an unimodal map of classC3 on the interval
xP@0,1#;

~B! w(x) has an unique maximum at the critical pointc
51/2P@0,1#;

~C! w(0)5w(1)50;
~D! w(x) has negative Schwarzian derivative:

Sw~x!52
3

2S 22

122xD 2

,0, ;xP@0,1#, xÞc51/2.

The map has a stable fixed pointa50: w(a)50, w8(a)
51. Therefore, the orbit with any initial valuex0P@0,1# will
end atx5a50. In fact, the above map is a fixed point a
plication.

Now let us to consider theS-unimodal mapf n
(6)(x) given

by the Eq.~10! with w(x) given by the Eq.~12!,

f n
(6)~x!5

12n6x(12x)

12n61/4
. ~13!

Obviously,f n
(6)(x) is an unimodal map of classC3 on the

interval xP@0,1#. Also, f n
(6)(1/2)51 is the unique maxi-

mum at the critical pointc51/2 and f n
(6)(0)5 f n

(6)(1)50,
;n.0, nÞ1.

The Schwarzian derivative is negative:

Sf
n
(6)~x!52

3

2 S 22

122xD 2

2
1

2
@ ln~n!~122x!#2,0,

~14!

FIG. 1. The Lyapunov exponent~18! of the S-unimodal maps
~16! ~a! and ~17! ~b!.
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;xP@0,1#,xÞc51/2, ;n.0, nÞ1.
The fixed pointx50 is unstable for

f n
(6)8~0!5U ln~n!

12n61/4U.1. ~15!

But, we haveu12n1/4u,u ln(n)u, ;nP(0,1). Therefore,
the map

f n
(1)~x!5

12nx(12x)

12n1/4
~16!

is generatingrobust chaosfor nP(0,1).
Also, we haveu12n21/4u,u ln(n)u, ;nP(1,̀ ), and the

map

f n
(2)~x!5

12n2x(12x)

12n21/4
~17!

is generatingrobust chaosfor nP(1,̀ ).
In Fig. 1 we give the Lyapunov exponent
ev

02520
l~n!5 lim
T→`

1

T (
t50

T U d

dx
f n

(6)~xt!U, ~18!

calculated for the above maps. One can see that
Lyapunov exponent is positive,;n.0, nÞ1. Moreover, in
this example,l(n)> ln(2). The bifurcation diagram of thes
maps is a black rectangle, without any periodic windows~we
don’t give the figure for aesthetically reasons!. The numeri-
cal computation has been performed using very long orb
T5106, and an accuracy of 500 digits, using an arbitra
precision mathematical library~MAPLE!.

In conclusion, contrary to the conjecture that robust ch
cannot be generated by smooth maps, we have derive
general procedurefor generatingrobust chaosin smooth
unimodal maps.
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